A non-autonomous version of the standard map with a periodic variation of the parameter is introduced and studied. Symmetry properties in the variables and parameters of the map are found and used to find relations between rotation numbers of invariant sets of the autonomous realization of the period-two case of the map. The role of the nonautonomous dynamics on period-one orbits, stability and bifurcation is studied. The critical boundaries for the global transport and the destruction of invariant circles with fixed rotation number are studied in detail using direct computation and a continuation method. In the case of global transport, the critical boundary has a particular symmetrical horn shape. The results are contrasted with similar calculations found in the literature. A nonautonomous version of the standard map is presented, using an autonomous realization of the map, the existence of invariant tori (and associated global transport problem) as a function of the parameters is studied analytically, numerically, and with a continuation method. The study of the map symmetries allows to reduce the parameter space and infer the existence of invariant circles.
A nonautonomous version of the standard map is presented, using an autonomous realization of the map, the existence of invariant tori (and associated global transport problem) as a function of the parameters is studied analytically, numerically, and with a continuation method. The study of the map symmetries allows to reduce the parameter space and infer the existence of invariant circles.
The results show a particular symmetrical horn shaped critical boundary for global transport in the parameter space that contains all the critical boundaries for invariant tori with fixed rotation numbers calculated by the parametrization method.
I. INTRODUCTION
Two dimensional twist maps have been extensively studied within discrete dynamical systems 1 . However, studies of non-autonomous maps seem to be scarce, even for two dimensional cases. Here the term non-autonomous is used to describe any map T : x n → x n+1 that have explicit dependence on the iteration number: x n+1 = f (x n , n). The present work illustrates that a non-autonomous periodic variation in a parameter can give rise to unexpected behavior in the well known standard map.
Our motivation to define a non-autonomous standard map (NASM) comes from a sim- This kind of maps has been studied before in the literature [6] [7] [8] following different approaches. Ref. 6 considered families of non-autonomous maps that converge to a known autonomous map, with known invariant tori, and studied the convergence to asymptotic invariant tori. The rotating standard map in Ref. 7 and the driven standard map in Ref.
8 can be considered more general cases of the NASM defined here, although with different aims: a search of the bifurcation space where the two dimensional tori cease to exist and regions of stability of invariant curves in the parameter space, respectively.
The goal of the present paper is to give a detailed characterization of the non-autonomous standard map (NASM) defined in Ref. 5 and to determine conditions for the existence of global transport. To do this, we start by defining the map in Sec. II along with an autonomous realization of the map and some general properties. In Sec. III, we study the map's symmetries in the coordinates and parameters spaces, and find relations between rotation numbers of invariant circles for symmetric values of the parameters. In section IV, we study the periodic orbits of the NASM. In Sec. V, we study the known reduced cases of the map and give a criteria to search numerically for the threshold of global transport.
In Sec. VI, we search again for transport barriers as function of the parameters, using the parametrization method, applied on particular interesting rotation numbers. In Sec. VII, we compare these results with previous works in Refs. 6-8 and propose some conjectures and present the conclusions.
II. MAP DEFINITION.
Our starting point is the nonautonomous standard map (NASM), defined aŝ
where κ n is a function of n.
Motivated by the asymptotic dynamics of self-consistent coupled maps 2,5 , we focus on the case when κ n is a periodic function. As a first step, we consider a "triangular wave"
periodic dependence in which κ n can only take two values:
We define a new map, T κ 1 κ 2 , such that its iterates (x n , y n ) n = 1, 2, ... coincide with the even iterations of (1), i.e., (x n , y n ) = (x 2n ,x 2n ) .
By construction, the map T κ 1 κ 2 is autonomous and can be written as,
where the functions F 1 and F 2 are defined as,
As Fig. 1(c) shows, due to its non autonomous nature, the map in (1) exhibit intersection of orbits, something that as Fig. 1(a) and Fig. 1(b) illustrates, never happens in autonomous maps. Fig. 1(d) shows, the non autonomous dynamics of an initial condition inside an island of (1) alternates between (0, 1/2) elliptic point of T κ 1 κ 2 and (1/2, 1/2) elliptic point of T κ 2 κ 1 .
The map in Eq. (4) is equivalent to the composition of two standard maps, i.e., T κ 1 κ 2 ≡ S κ 2 • S κ 1 , where S denotes the standard map with perturbation parameter ,
with (x, y) ∈ T × R. It is straightforward to show that T κ 1 κ 2 and T κ 2 κ 1 are diffeomorphic, since,
where S −1 denotes the inverse of the standard map,
The twist of T κ 1 κ 2 is given by, and the twist condition ∂x n+1 ∂yn | xn > 0, is satisfied in the whole cylinder when |κ 2 | < 2. Based on this, we define the twist region in the parameter space as the square: Let Ω = dy ∧ dx be a symplectic form on the cylinder, then it is clear that T κ 1 κ 2 is symplectic with respect to Ω since each one of the standard maps is symplectic. In particular,
where (F) * is the pullback via a function F. We also note that since both S κ 2 and S κ 2 are exact, then T κ 1 κ 2 is also exact. Notice that if dα = Ω, then
where P i is the generating functions of S κ i . The simple computation is as follows (see Ref. 10) .
Therefore T κ 1 κ 2 is exact with generating function P 1 + S * κ 1 P 2 .
III. SYMMETRIES.
The symmetries of the NASM, help to reduce different possible cases and to infer the existence of invariant circles and their rotation numbers from the existence of invariant circle with different parameter values. Since the autonomous realization of the NASM in (4) is the composition of two standard maps (6), we expect to have the symmetries of the standard map. However there are other symmetries unique to T κ 1 κ 2 .
The functions F i in Eqs. (5a) and (5b) have the following symmetries.
for n, m ∈ Z.
Whereas Eqs. (12) and (13) are coordinate symmetries directly inherented from the standard map, Eqs. (14) and (15) are unique symmetries of the non-autonomous map that involve both coordinates and parameter transformations. From, (14) and (15) it follows that,
In the remaining of this section, we denote by (x, y) the variables of the lift of map (4).
In other words, x ∈ R.
A. Orbit symmetries.
Let x n (x 0 , y 0 ; κ 1 , κ 2 ) and y n (x 0 , y 0 ; κ 1 , κ 2 ) denote the x and y coordinates of the n-th iterate of the NASM with parameters (κ 1 , κ 2 ) and initial condition (x 0 , y 0 ). Then, from the properties of F i , it follows that the orbits exhibit the following symmetries (see Fig. 2 ).
1. Coordinate reflection [from Eq. (12)],
2. Coordinate translation [from Eq. (13)],
for r, s ∈ Z.
3. Coordinate translation and reflection [from Eqs. (17)- (18)],
4. Coordinate translation and parameter reflexion [from Eq. (14)],
5. Coordinate translation and parameter reflexion [from Eq. 15],
6. Coordinate translation and parameter reflexion [from Eq. 16],
Note that property P 3 in (14) implies that if there is an invariant circle above the line y = 0.5, then there is an invariant circle corresponding to its reflected image bellow y = 0.5.
This same property exists in the standard map, so its invariant circle γ has a reflected image (with rotation number 1 − γ) in the lower half of the cell, and both break up for the same value of the parameter κ G = 0.971635406.
B. Rotation number symmetries.
We define the rotation number of an orbit of the map (4) with parameters (κ 1 , κ 2 ),
whenever the limit exist.
Then from Eqs. (20a), (21a) and (22a), respectively, it follows that
Therefore, for each invariant circle passing through (x 0 , y 0 ) with rotation number ω in the NASM with parameters (κ 1 , κ 2 ), there exist up to three other associated invariant circles: (14) and (15) respectively.
one with rotation number ω + 1 for (−κ 1 , κ 2 ) passing through (x 0 + 1/2, y 0 + 1/2), one also with rotation number ω + 1 for (κ 1 , −κ 2 ) passing through (x 0 , y 0 + 1/2), and one with rotation number ω for (−κ 1 , −κ 2 ) passing through (x 0 + 1/2, y 0 ).
In addition, for a given (κ 1 , κ 2 ), from Eq. (19) it can be shown that,
which is a property that also applies to the standard map (6), but with a different shift a .
Finally from Eq. (7) and the definition of rotation number in (23) , it follows that,
where z 0 = (x 0 , y 0 ) T .
IV. PERIODIC ORBITS.
The periodic orbits are sets that in many cases offer information that can be used to characterize maps, approximate invariant sets and study linear stability. For these reasons, it is important to study them in the case of the NASM.
The close relationship between T κ 1 κ 2 and T κ 2 κ 1 reflects on the fact that if z = (x, y) T is an n-periodic orbit, on the lift of the map b with rotation number m/n of T κ 1 κ 2 , that is,
then from Eq. (7) it follows that,
is an m/n-periodic orbit of T κ 2 κ 1 , i.e.
Note that the linear stability properties of z and w are the same because the trace of a product of matrices is invariant under the product commutation.
A. Period-one orbits
There are six primary period-one orbits. By primary we mean that they exist for any values of κ 1 and κ 2 . In addition there are bifurcated period-one orbits that exist only for certain values of κ 1 and κ 2 . The primary orbits are
a 1 instead of 2 on the right hand side of Eq. (27).
b To the universal cover of T × R.
The stability of these orbits is determined by the residue
where Tr denotes the trace, and ∇T κ 1 κ 2 is the derivative of the map evaluated at the fixed point. A fixed point (x * , y * ) is stable if and only if 0 < R < 1. From this it follows that,
II.
IV. Figure 3 shows the stability regions of the primary period-one fixed points in the (κ 1 , κ 2 )
space, according to (34)-(37). As expected, the results in Fig. 3 are consistent with the symmetries in (12)- (15)).
The secondary period-one orbits (x * , y * ) are solutions to the system,
A Taylor expansion of (38b) around the elliptic point (1/2, 0), neglecting fifth order terms, around |z * | = |2πx * − π| << 1, allows to estimate z * as
(39) Figure 4 shows the region in the positive quadrant of the parameter space where it is possible to find these associated periodic orbits of period 1 around the primary period-one fixed point 1 2 , 0 . It should be noted that the limiting curve in the figure coincides with the limiting curve in Fig. 3 for the same point. These secondary families of periodic orbits appear after a pitchfork bifurcation of the primary fixed point 1 2 , 0 . The value of Greene's residuee evaluated at the orbits correspond to the region shaded in red tells us that these orbits are stable. 
V. TRANSPORT BARRIERS: KNOWN LIMIT CASES AND DIRECT COMPUTATION.
Our goal is to find the critical parameter values of the map (4) for which the map exhibits global transport occurs. We will say that there is global transport when there exists at least and for the destruction of invariant circles with a fixed rotation number, ω, (CB ω ). By CB we mean the boundary of the open region R in the parameter space (assumed to be simply connected) such that for (κ 1 , κ 2 ) values in R there is not global transport in the case of (CB gc ) or a given invariant circle with rotation number ω exists in the case of (CB ω ).
We propose three different approaches to find these transport barriers: analytical reductions of the map for particular values of the parameters, direct numerical iteration for a range of values of the parameters which gives upper bounds, and a continuation method over invariant circles with an a priori chosen rotation number in the parameter space which
gives lower bounds to global transport.
A. Known limit cases.
In the standard map, the term critical parameter value, κ c , is established in the literature
11
as the value for with any further increment |κ| > |κ c | there are no invariant curves. We call critical invariant curve to such invariant curve that exist for κ = κ c and cease to exist after the critical value. It is a known conjecture 11 that for the standard map, the rotation number of the critical invariant curve is equal to the golden mean γ =
We present the known reductions of map (4).
In this case the map (4) reduces to,
which upon the change of coordinates: {X = x, Y = 2y}, becomes the standard map (6) with = 2κ 1 . And it is well known in this case that the critical invariant circle has rotation number equal to the golden mean γ and breaks at the critical value κ G ≈ 0.971635406 1, 11 . This implies that the critical invariant circle for the case (κ 1 , κ 2 ) = (κ 1 , 0) has rotation number ω c = γ and breaks for κ 1c = κ G /2. Applying Eq. (27) to the standard map reduction and the NASM, it follows that there are also three more critical invariant circles with rotation numbers: 1 − γ, 2 − γ and γ + 1.
As before, with the change of coordinates: {X = x + y, Y = 2y}, the map reduces to the standard map (6) with perturbation parameter = 2κ 2 . Therefore the critical invariant circle has rotation number ω c = γ and breaks for κ 2c = κ G /2. From Eq. (27),
there are three more critical invariant circles: 1 − γ , 2 − γ and γ + 1. This case can also be considered a consequence of the Eq. (28) applied to the previous case.
In this case the map reduces to the standard map iterated twice, which that the critical invariant circle of map (4), has rotation number ω c = 2γ and breaks at κ c = κ G .
By the symmetry (27), there exists also the invariant circle with rotation number:
Furthermore, applying the results of section III.B we can give the rotation numbers of the critical circles in the other quadrants. For example, for (−κ, κ), the critical invariant circles are: ω c 1 = 2γ − 1 and ω c 2 = 3 − 2γ for κ c = c .
It should be noted that the change of variables used in the first two cases are homotopic to the identity, so the barriers in the cylinder for the standard map reductions are barriers for the NASM as well.
B. Direct computation.
We formally define a barrier to global transport as an invariant circle not homotopic to a point, which geometrically are circles that go around the cylinder T × R. An invariant circle of this kind, when it exists, always divides the phase space in two unbounded invariant regions, due to its invariance and the continuity of the map. lies between y 0 and y n . Which is a contradiction because y 0 and y n must be in the same connected component of the cylinder.
Numerical evidence, see e.g. Fig. 2(a) , shows that at least for parameter values |κ i | < 1, the hypothesis, A < 1, holds. The hypothesis is also obeyed because the invariant stable and unstable manifolds of the hyperbolic fixed point around (0, 0) obstruct the path of the invariant curve, and so do its integer translates in the y-direction.
We performed several series of N -iterations of the map (4) Figure 7 . Figures 5 and 6 show the critical boundary for the global transport (CB gt ) found with these calculations, i.e. the locus of points in parameter space for which no critical invariant curves were detected.
In all the cases studied, the CB gt in the upper half plane of the parameter space were symmetric (up to machine precision) on the right (left) quadrant with respect to the line
c Where A is the difference between the highest and lowest point of the invariant circle. to the value,η = 3.012, reported in literature 1 for transport in the standard map.
VI. TRANSPORT BARRIERS: CONTINUATION METHOD.
In this section we describe the numerical implementation of the computation and numerical continuation of invariant circles of the map in Eq. (4). We will omit most of the technical details and only discuss the tools that we will use. For further mathematical details (e.g. function spaces, geometric preliminaries, and Diophantine properties) the reader is referred to Ref. 12-15.
Definition 1.
We say that the irrational number ω is Diophantine if for a given τ there is a constant ν such that, We will denote the set of all numbers satisfying Definition 1 by D(ν, τ ).
Then, we look for invariant circles of T κ 1 κ 2 on which the dynamics is conjugated to a rigid rotation by a fixed Diophantine rotation number ω.
The method we use is best understood in the constructive proof of the KAM theorem in Ref. 14, which relies among other things in a Newton iteration in the spirit of NashMoser theory, see Ref. 16 . For us, largest advantage of using the constructive proof is that it leads to a very efficient numerical algorithm. We will make use of the Nash-Moser techniques to produce algorithms that will allow us to continue solutions K : T → T × R in a Banach space of smooth functions, to the following invariance equation for a given twist
for ω ∈ D(ν, τ ). Starting from the integrable case of the map F and move the parameter as close to the breakdown of analyticity of the invariant circles as possible. We use the criterion of breakdown in Ref. 13 , namely when we are close to the breakdown of analyticity the derivatives of the solution K start to blow up at points of K(T). The main idea of the method is to start form an approximate solution of the invariance equation applied to T κ 1 κ 2 . We will say that the solution K 0 is approximately invariant if
and e 0 is a small function with respect to the norm · of the Banach space of smooth functions.
We produce a "better" approximate solution (a solution that approximates the invariance equation (42) with a smaller error), by adding a periodic function ∆ : T → R × T so that
with e 1 ≈ e 0 2 .
Indeed, according to Nash-Moser theory, adding an appropriate correction ∆ could provide an error satisfying the quadratic property above. The correction ∆ we could use, would solve the Newton step equation,
It is easy to check that if we were able to solve for ∆ form equation (43), then the norm of the new error, e 1 will be of order e 0 2 .
One can try to solve numerically the newton equation in (43) for ∆, but the most efficient methods would require O(n 2 ) operations, where n is the number of points that one uses to represent the invariant circle. The alternative that we will follow is to reduce the Newton step equation (43) by introducing a symplectic change of coordinates around the approximate solutions. The implementation will yield methods that require O(n log n) operations.
The change of coordinates is around an approximate solutions K 0 is given by a 2 by 2 matrix composed of two column vectors. The first 2 by 1 column is the vector DK 0 (θ)
representing the tangent bundle to the approximate solution with base at every point K(θ).
The second column vector is a symplectic conjugate bundle which in our case of one dimensional circles reduces to a vector orthogonal to the tangent bundle, namely
where J is the matrix representation of the symplectic form Ω and
So the matrix can be written as follows,
This change of coordinates is symplectic and transforms approximately the matrix
into an upper triangular matrix with ones along the diagonal, namely,
where
The function S 0 (θ) is related to the local twist condition on the invariant circle K 0 . We apply the change of coordinates to the Newton step, ∆(θ) = M 0 (θ)W (θ), to reduce approximately the Newton step equation. Indeed, the new Newton step now has to solve the equation,
Now, if we split the equation (46) into components we obtain two cohomological equations that we need to solve, namely
and
From equation (11), we know that T κ 1 κ 2 is exact. Then it can be shown (Lemma 9 from
Ref. 14) that
Therefore, we are able to solve for ∆ form (46) by following the algorithm described below.
3) Compute the matrix M (θ) from equation (44).
4) Solve for W 2 (θ) from (47).
5) Choose the average
has an average close to zero. 6) Solve for W 1 (θ) from (48).
7)
Compute the step ∆,
and go to step 1).
Remark. One can verify that all the operations required to implement algorithm 1, are either diagonal in Fourier space of in real space. To transform from real space to Fourier space one can use a Fast Fourier Transform (FFT), which is the most expensive operation in the Algorithm 1 in terms of arithmetic operations. Therefore, the cost of implementing algorithm 1 is O(n log n) operations, where n is the number of points used to represent the circle.
In the following section we emphasize that there are useful relations between the parameterization method exposed here and the symmetires that were introduced in Section III.
A. Symmetries of the parameterization of an invariant circle
In this Section we present some of the symmetries discussed in Section III from the point of view of the parameterization method. The goal is to rewrite the symmetries in terms of compositions of functions. In this way, we can use this composition formulation to rewrite the invariance equation that a parameterization of a circle with a certain symmetry should satisfy. This way we know that if a map has an invariant cicle, then we can use that parameterization function, K, and transform it using the composition operators with respect to a given symmetry. In this way, we construct a new parameterization that satisfies the invariance equation of a new map with the given symmetry. We start by verifying that the invariant circles of the map T κ 1 ,κ 2 are expected to exist and to have the rotation numbers found in Section V A.
First, we consider that the map F has an invariant circle with rotation number ω, whenever Eq. (42) is satisfied. For instance, if S κ in Eq. (6), has an invariant circle of rotation number ω, with graph K, then T κκ will have an invariant torus with rotation number 2ω as discribed above. Since,
We also notice that if we define the following function for φ ∈ R,
then the standard map (4) satisfies that,
for any . We have one more symmetry of the parameterization that will be important.
To see this, we write the parameterization of an invariant circle of a symplectic map of the cylinder, we write the components of the parameterization K as follows. Let u(θ) be a 1-periodic function of T, then
It is clear from (51) and the periodicity of u, that
In particular, if K is the parameterization of an invariant circle of
then by the property (49) of the square of a map above, we have that
So by the symmetry property in (50) of the Standard map together with the symmetry (52) of the invariant circle, we have that
This is equivalent to saying that K is an invariant circle of S κ • S −κ with rotation number 2ω + 1, where K is the invariant circle of
with rotation number ω, which is the same as the symmetry in Eq. (25).
We verify the properties that were described in Section V were we anticipate that the maps T κ 1 0 and T 0κ 2 can be rescaled to standard maps with twice the perturbation parameter.
If we define the transformation
as simple computation tells us that
So if S 2κ 1 has an invariant circle, then the invariance equation is
We immediately know that P 1/2 • K(θ) is an invariant circle for T κ 1 0 . Namely, is equivalent to
The case of the map T 0κ 1 is obtained for the above since when we use (7), we have that
• K is invariant for T 0κ 1 . In fact, from Eq. 7 it is easy to see that if T κ 1 κ 2 has an invariant circle with rotation number ω, then T κ 2 κ 1 has an invariant circle with the same rotation number. This result was also stated in Eq. (28).
B. Results from the parameterization method
The parameterization method was applied using the rotation numbers that seemed relevant from section V: γ, γ + 1, 2γ and 2γ + 1 and also with Figure 8 with the addition of the a curve of the first method to contrast the results. All the critical boundaries agree with the results from section V and are contained in the tightest curve from previous subsection. Notice that the CB corresponding to γ is related to the one of γ + 1 and the CB of 2γ is related to the one of 2γ + 1 by a reflection with respect to the κ 2 -axis.
Additionally to the rotation numbers that were predicted to be of importance in section V A, the parameterization method was applied to two additional ones: . These number were obtained in an empirical form by iterating the map close to the invariant circle, obtaining a few digits by approximating the limit in (23) and then adding a tail of ones to the continued fraction. Neither of these two numbers correspond to a known reduced case of the map (4), however the results displayed on Figure 8 show that the corresponding CB ω 's give reasonable lower bounds to the CB gt found by direct method in some regions of the parameter space. 
VII. DISCUSSION AND CONCLUSIONS
In section V we found from the direct computation a horn shaped critical boundary for global transport, CB gt , giving the threshold between bounded evolution of a set of initial conditions and global transport. Using the parameterization method in Sec. VI we found the critical boundaries for the existence of invariant curves with given rotation numbers, the CB ω 's. All the CB ω were found to be fully contained inside the CB gt . It is expected that the CB gt is the convex hull of all the CB ω associated to the invariant circles that exist for the map T κ 1 κ 2 .
CB 's were also computed using a Greene's residue method in Ref. 7 for the 3D map,
where k =κ + ∆κ cos(2πφ), which corresponds to a more general (quasi-periodic) variation of κ than the one in Eq. (2). In the case Ω = 1/2, the map (53) is equivalent to the map in Eq. (1) with the appropriate choice of parameters. Note that in the special case when the initial value of φ is 1/4, both maps reduce to the standard map. When the initial value of φ is 0, the parameters of the maps are related by:κ = ) with period 3136, that approximates a golden rotation vector. The critical curve is contained inside ours except for a few points that come out of the region we computed.
To further explore this idea, we have studied map (53) with Ω = 1/3, which correspond to a κ n variation for map (1) with three values. Finding also critical boundaries that surpassed in a small region the one found for map (4).
Reference 8 computed the CB for a given rotation number in a driven standard map similar to Eq.(53). As in the previous case, the results are consistent with ours. In particular, they also found a diamond shaped CB in the (κ, ∆κ) parameter space.
It is important to remark that in map (53) the two dimensional and the one dimensional tori are topological barriers to global transport due the uncoupled variation of φ with respect to (x, y). In general, Fig. 11 suggests that the destruction of the one dimensional tori implies the breaking of the two dimensional ones except for a few peaks that stand outside of our curve in the parameter space. It remains to study why are the two dimensional tori more robust that the one dimensional ones in these peak regions. Numerical evidence leads us to 
